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Abstract. For three classes of elliptic pseudodifTerential operators on a com- 
pact manifold with boundary which have 'geometric K-theory', namely the 
'transmission algebra' introduced by Boutet de Monvel |5], the 'zero algebra' 
introduced by Mazzeo in [Ol llO) and the 'scattering algebra' from [16] we give 
explicit formulas for the Chern character of the index bundle in terms of the 
symbols (including normal operators at the boundary) of a Fredholm family 
of fibre operators. This involves appropriate descriptions, in each case, of the 
cohomology with compact supports in the interior of the total space of a vector 
bundle over a manifold with boundary in which the Chern character, mapping 
from the corresponding realization of K-theory, naturally takes values. 
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Introduction 

Among the different algebras of pseudodifferential operators on a compact man- 
ifold with boundary, those for which the stable homotopy classes of the Fredholm 
elements reduce to the relative K-theory of the cotangent bundle can be expected 
to have the simplest, most local, index formulas. These cases include the algebra 
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of transmission operators introduced by Boutet de Monvel, for which this is shown 
in essence in [5], the algebra of 'zero pseudodifferential operators' of [Tl] and the 
algebra of 'scattering pseudodifferential operators' of [16) . For a Fredholm family 
of such operators defined on the fibers of a fibration, 

(1) Z M 

the families index, composed with the Chern character, therefore gives a map (the 
same in all three cases) 

(2) {T*{M°/B)) ^ K{B) ^''^"(B), M° = M \ dM. 

This map is always given by the general Atiyah-Singer formula (including here the 
extension by Atiyah and Bott) just as in the boundaryless case in [S] [3] 

(3) Ch(Ind(v4)) = V, (Ch([A]) Td(Z)) 
where Ch([^]) is the Chern character, 

(4) Ch : K"^ {T*{M°/B)) — ^ i?,"™" {T*{M°/B)) . 

In fact, the identification, in the three cases, of the stable homotopy classes of the 
Fredholm elements with the relative K-theory involves non-trivial homotopies. As 
a result ([3]) is not really a 'formula' for the families index. Here we give much 
more explicit formulae for the Chern character in terms of the 'symbolic' data de- 
termining the Fredholm condition for the family. In each case this corresponds to 
the ellipticity of the interior symbol, uniformly up to the boundary in an appro- 
priate sense, together with the invertibility of a boundary family. To represent the 
Chern character we construct relative deRham chain complexes, all with cohomol- 
ogy H* (T* {M° / B)) , tailored to each setting and then construct Chern- Weil forms 
depending on the leading symbolic data. Then ^\ is the (generalized) integration 
map on cohomology from T*{M/B) to B. 

To explain the strategy behind these explicit versions of the formulae ([3]) , consider 
the familiar case of an elliptic family of (classical) pseudodifferential operators A S 
*'"(M/B;E) where E = {E+,E-) is a superbundle (i.e. a Zz-graded bundle) 
over M and the fibration ([T]) has compact boundaryless fibres. This is the families 
setting of Atiyah and Singer and the analytic index is a map as in Q , in this case 
the Chern character gives 

Ch(Ind(yl)) : K{T*{M/B)) — > i?°™"(S). 

The K-class is fixed by the (invcrtiblc) symbol of A, 

a = (T„(A) € C°° [S* {M / B);\ioui{K) ® Nm) 

where Nm is a trivial real line bundle capturing the homogeneity. Fedosov in [B] 
gives an explicit formula for the Chern character of the compactly supported K- 
class determined by E and o as a deRham class with compact support on T*{M/B). 
Modifying his approach slightly we consider the representation of H*{W), for any 
real vector bundle over M, as the hypercohomology of the relative complex 

(5) C°°(M;A*)®C°°(§M^;A*), £> = 
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where tt : W — > M is the bundle projection and SW — {W\Om) /^'^ is the sphere 
bundle of M. The Chern-Weil formula given by Fedosov in terms of connections 
and curvatures, naturally fits into this representation as the class 

Ch{[A]) = Ch(E,a) = Ch(E) ©Ch(a) e C°°(Af; A''™") ® C°°(S'*(Af/B); A"^'^) 

Ch(E) =tre'^+ -tre'^", 

Ch(a) = / tr f a~i(Va)e"'(*)') dt where 

2m Jo ^ ' 

w{t) = (1 - 0^+ + ta^^Lo^a H t(l - t)(a^^Vaf. 

The push- forward map on cohomology, t/ji , becomes integration of the second form 
in ([5|) and the Atiyah-Singer formula, ([3]), becomes an explict fibre integral 

(7) Ch(Ind(yl)) / (ch{a)Td{tp)) . 

Js*{M/B} ^ ' 

We proceed to discuss formulae essentially as explicit as ^ and ([7|) for the Chern 
character of the index bundle for families of pseudodifferential operators on a mani- 
fold with boundary, where the uniformity conditions up to the boundary correspond 
to one of the three cases mentioned above. 

The simplest of the three cases, really because it is the most commutative, cor- 
responds to the scattering calculus of [16 . This arises geometrically in the context 
of asymptotically flat manifolds and in particular includes constant-coefficient dif- 
ferential operators on a vector space, thought of as acting on the radial compact- 
ification as a compact manifold with boundary. Thus, the fibration ([1]) now, and 
from now on, has fibres which are compact manifolds with boundary and we con- 
sider a 'fully elliptic' family A G 5'™(M/_B;E). As well as a uniform version of the 
symbol, a = a{A) e C°°('''^S*(M/B); hom(E) (g) TV™) (acting on a boundary-rescaled 
version of the cosphere bundle) there is an invariantly-defined boundary symbol 
h = I3{A) e C°° {^''T*gj,j (M /B); hom(E) ® iV„). Together these two symbols form 
a smooth section of the bundle over the boundary of the radial compactification 
^'^T* {AI / B) which is continuous at the corner. Full ellipticity of the family A re- 
duces to invertibility of this joint symbol and this is equivalent to the requirement 
that ^ be a family of Fredholm operators on the natural geometric Sobolev spaces. 
Since '^'^T*{M/B) is a topological manifold with boundary, these full symbols pro- 
vide a chain space for the K-theory (with compact supports in the interior) and the 
analytic index becomes a well-defined map as in ([2]). 

To give an explicit formula for the Chern character in this scattering setting 
we use a similar relative chain complex to ([S]), now associated to a vector bundle 
TT : W — > M over a manifold with boundary. Namely, 

C°°{M; A*) ® {{u, v);u G C^{SW; A*), v 6 C°°{WaM;A*) and i> = L*gv} , 

The cohomology of this chain complex is H*{W°), the compactly supported coho- 
mology of W restricted to the interior of M, and the Chern character is represented 
by the explicit forms 

(9) Ch([A]) = Ch(E, a, b) = Ch(E) (Ch(a), Ch(5)) 
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where Ch(a) and Ch(5) are given by Fedosov's formula The Atiyah-Singer 
formula ([3]) then follows and in this case it becomes quite clear that the boundary 
symbol is a rather complete analogue of the usual symbol and enters into the index 
formula in the same way. 

The other two contexts in which we give such an explicit index formula are 
similar, but more complicated and less symmetric between the boundary and the 
cosphere bundle (the high-momentum limit) because there is more residual non- 
commutativity at the boundary. Note that we are only considering those set- 
tings in which the analytic index gives a map as in ([2]) (always the same map 
of course!) This restriction corresponds to the fact, as we shall see, that the only 
non-commutativity which remains at the boundary is in the normal variables - tan- 
gential non-commutativity, as occurs in the cusp or b-calculi, induces an analytic 
index map from a different K-theory in place of the relative K-theory in ([2]) and 
this leads to more subtlety in the index formula. 

Consider next the 'zero calculus' which corresponds geometrically to asymptot- 
ically hyperbolic (or 'conformally compact') manifolds and is so named because it 
quantizates the Lie algebra of vector fields which vanish at the boundary of any com- 
pact manifold with boundary (as opposed to the scattering calculus which quantizes 
the smaller Lie algebra in which the normal part also vanishes to second order). As 
noted this Lie algebra is not commutative at the boundary, rather it is solvable with 
tangential part forming an Abelian subalgebra on which the normal part acts by 
homotheity. As a result the final formula has a truly regularized Chern character, 
an eta form, coming from the normal part. Again we consider a family of pseudo- 
differential operators, now A E 'i'^{M/B; E) for a fibration ([T]) with fibres compact 
manifolds with boundary modelled on Z. The 'fully ellipticity' of such a family, cor- 
responding to its being Fredholm on the natural 'zero' Sobolev spaces, reduces to the 
invertibility of the (uniform) symbol, a = a„,{A) e C°°(°S'*(M/B); hom(E) (g> iV„) 
together with the invertibility of the normal operator, or equivalently the reduced 
normal family. The former takes values in the bundle, over the boundary, of invari- 
ant pseudodifferential operators on the Lie group associated to the tangent solvable 
Lie algebra mentioned above. The condition here is invertibility on the appro- 
priate Sobolev spaces since this inverse, because of the appearance of non-trivial 
asymptotic terms, lies in a larger space of pseudofferential operators on the group. 
The reduced normal operator, RN(y4), corresponds to decomposition of the normal 
operator in terms of the representations of the solvable group. 

In the case of the zero calculus it is less obvious, but shown in 1 , that this 
symbolic data, the invertibility of which fixes the Fredholm property of A, also 
gives a chain space for the relative K-theory [A] = [(a,RN(^))] e K{T*{M/B)). 
Similarly, the chain complex leading again to cohomology with compact supports is 
more involved and depends on more of the structure of the zero cotangent bundle. 
More abstractly, consider a real vector bundle W over M with restriction to the 
boundary having a trivial real line subbundle L C Wqm , set U = WgM / L and 



C°°(M; A*') © C°°{m' U L- K^'^) © C°°{W\ A'"'^), 
C°°iSWUL;A''-^) = {(a,7) eC°°(SW^;A'=-l)ffiC°°(I;A'='-l);4a = ^i7} 



(10) 
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Here i± are the restrictions to the two boundary components of L (which are also 
submanifolds of SH^), the maps tt are the various bundle projections and lyf^, 
are (well-defined) push-forward maps along the fibres of L, the first from dEW to 
EU and the second from L to dM. As already anticipated the cohomology of this 
complex is canonically isomorphic to the compactly supported cohomology of W 
over M°. 

The reduced normal operator for the zero calculus is a family of pseudodiferential 
operators on an interval, although with different uniformity behaviour at the two 
ends. It is fixed by the choice of a splitting of the zero cotangent bundle over 
the boundary and the choice of a metric and is then naturally parametrized by 
S*{dM /B) which is "BU in the preceeding paragraph. In terms of the representation 
of the cohomology with compact supports of T* {M° / B) given by (fTO|) . with W = 
^T*{M/B)^ the Chern character is given by the explicit forms 
(11) 

Ch([A]) = Ch(a,RN(^)) = Ch(E) ® (ch(a), Ch(/b(RN(^)))) © (-?7(RN(^))), 

where /b(RN(yl)) is the model operator of the reduced normal operator at one end 
of the interval, known as the indicial family, and rj{M) is given by an expression 
similar to that defining Ch(a) but taking into account that the operators involved 
are not trace-class and do not commute, namely 

-— y (l-t)^Trb,sc(A^"MVAA)e^-^(*)) +i^Trb,sc((VA/')e"^(*W-i) dt. 

The renormalized trace appearing in this formula is defined in Appendix [B] following 
previous work of the second author and Victor Nistor [15] . As in the scattering case 
we obtain an explicit representative of the Chern character. 

Finally, we consider the calculus of Boutet de Monvel, the 'transmission calculus', 
which contains classical elliptic boundary value problems and their parametrices. 
Geometrically this calculus corresponds to Riemannian manifolds with boundary 
and so the connection to relative K-theory is immediate and already present in [5] . 
An element of the transmission calculus is represented by a matrix of operators 

/-f+A + B K\ C°°{X;E+) C°°{X;E-) 
A= : © ^ © 

\ T q) C°°{dX]F+) C^{dX;F-) 

acting on the superbundles E over X and F over dX. Whether or not a family 
A G \E'"^(A'//i3; E, F) is Fredholm is again determined by invertibility of two model 
operators, the interior symbol and the boundary symbol. An operator is elliptic if 
the former is invertible and 'fully elliptic' if they are both invertible. Similarly to the 
zero calculus, the model operator at the boundary is a family of pseudodifferential 
operators parametrized by the cosphere bundle of the boundary, but here these 
operators are of Wiener-Hopf type. 

As before there is a convenient description of the relative cohomology of the 
cotangent bundle over the interior that is compatible with the represention of a 
iiT-class by a fully elliptic family of transmission operators. For this consider W, 
L, and U as described in (fTU|) above, together with a restricted space of sections of 
SW, 

{SW;A*) = {a G (ST4^; A*) : il+a = il-a, il+da = il-da}, 
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and form the complex 

(12) C°°{M;A'')®{C^{SW;A'''^)®C'^{dM;A''-^))®C°^{SU;A''^^), 



D = 














r 


-d 








Vo 


4>2 









with the notation as in the previous paragraph. The cohomology of this complex 
is again canonically isomorphic to the compactly supported cohomology of W over 
M°. 

If a and N are respectively the interior symbol and boundary symbol of a fully 
elliptic family of transmission operators, then the Chern character of the associated 
if-theory class is represented by 

Ch(E, F, a, N) = (Ch(E), (ch(a), - Ch(Ea ® F)) , -r^{N)) 

in the complex (fT2|) with W , L, and U again equal to T*{M/B), the normal bundle 
to the boundary, and T*{dM / B) respectively. The form rj{N) is formally the same 
as in the zero calculus, but the renormalization of the trace is done in a different 
fashion, due to Fedosov (see (|3.25p below). 

As already mentioned, central to this discussion is the fact that the K-theory 
described by fully elliptic families in these cacluli is the topological K-theory of the 
cotangent bundle in the interior. A well-known consequence is that quantization 
of an elliptic symbol to a Fredholm operator is only possible if the 'Atiyah-Bott 
obstruction' of the symbol vanish. One way around this is to quantize into other 
pseudodifferential calculi. For instance, the ^-calculus, which is well-adapted to 
manifolds with asymptotically cylindrical ends, is universal in the sense that any 
elliptic symbol can be quantized to a Fredholm operator. Whereas the calculi 
described above are asymptotically non-commutative in (at most) the normal di- 
rection, the b calculus is in the same sense asymptotically non-commutative in all 
directions. This is related to the fact that the eta invariants described above are 
'local in the boundary and global in the normal direction to the boundary' while 
the eta invariant in the Atiyah-Patodi-Singer index theorem is global in the bound- 
ary. An analysis of the Chern character for the fe-calculus and related calculi is the 
subject of an ongoing project of the second author with Frederic Rochon il9]. 

This manuscript is divided into three parts. Section [T] is devoted to a discussion 
of cohomology. We describe the approach to relative cohomology that we will follow 
together with some standard properties and work out various ways of representing 
H*{T*M°/B). In scction[2]thc represention of a class in Kc(T*M°/B) by a family 
of fully elliptic operators in either the scattering, zero, or transmission calculus is 
recalled. Finally, in section [31 we put these discussions together and obtain explicit 
formulsefor the Chern character 

Ch : K^{T*M°/B) — > H^'"''\T* M° / B) 

as described above. In each case an explicit 'Atiyah-Singer' formula for the Chern 
character of the index bundle is given using only the appropriate model operators. 

1. Relative cohomology 

Suppose that (C* , d) , i — I, . . . , N, are Z-graded differential complexes and (f)i : 
— > C^^l~'^^ for 1 < i < A^, is a complex of chain maps between them, so 



RELATIVE CHERN CHARACTER, BOUNDARIES AND INDEX FORMULA 



7 



d4>i — (pi+id. Then the complexes can be 'rohed up' into one complex. In fact only 
the cases N = 2 and = 3 arise here, so consider first N = 2 : 



(I.l) 



fc-1 



k+1 



k+2-f 



Then (j) induces a map of the corresponding hypercohomologies which we can also 



denote 
(1.2) 



n 



k+i-f 



The relative chain complex 



D 







is such that inclusion and projection give an exact sequence 
(1.3) C^-^ ^C'' 

The hypercohomology of (|1.2p , denoted H* (C* , 4>) , may be computed from a spectral 
sequence, in this case a rather simple one corresponding to the fact that the long 
exact sequence associated to (II. 3p is 



(1.4) 



For = 3 the 0^ give a commutative diagram 



(1.5) 



fc-i 



k+1 



'^3 



nk + 2~fi 



02 



fc+2-/i-/2 



^fc+3-/l-/2 ±_ 



The 'rolled up' double complex is 

3 /d 0> 

(1.6) (C^i?), C^-0Cf, i?- Ui -d 

i=i \ 4>2 d) 

Of course, the second two rows in (|1.5p are an example of (|l.ip . so give the complex 



(1.7) 

such that 
(1.8) 



(C2, d), c^^ = c^- © C3^-^^ , d = (^^^^ 



'k-fi 



Qk P , nk 



CI 



is a short exact sequence. The hypercohomologies therefore give long exact se- 
quences as in (|1.4p 

W"(C,,0) 



(1.9) 



fe-/ L 



^k ^k ^ ^k+l-f 



Thus the case N > 2 reduces to an iteration of = 2 cases. 
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The most obvious case of relative cohomology in a deRham setting arises from 
a smooth map between compact manifolds (possibly with corners) 
(1.10) 

tp-.M — > X, with C2 = C°°(M; A*), Ci = C°°(X, A*) and D = (^^^ 

In this case we may denote the relative cohomology by 'H*(M, tp). Note that this is 
precisely how relative cohomology is defined in [4| §6] . 

Several variants of relative cohomology, leading to standard cohomology groups, 
are of interest here, only the last (and most fundamental for the zero index formula) 
corresponds to iV = 3. 

1.1. Homotopy invariance and module structure. In all of the cases we will 
consider below the complexes C* will be built up from differential forms and will 
inherit more structure. We point out some of these properties for later use. 

1.1.1. Module structure. First, suppose that each of the C; has a graded product 

A.:Cf xCf-Cp s.t. 

d (a Ai (3) ^ da Ai (3 + (-1)'"' a Ai d(3, (jj^ (a /3) = (p^a A^+i 0^/3. 

Lemma 1.1. If N = 3 and each Ci has a graded product as above, then Ti* (C*, cf)) 
is a module over Ti.* (Ci) through 

n* (C„ (/.) X n* (Ci) 3 (a„ 7) ^ (ai Ai 7, ^2 A2 0i7, ^3 A3 (^2^1-/) G H* (C, </-)) 
Proof. Notice that if (a^) E 

(d{ai Ai 7) 
4>i (ai Ai 7) - d (a2 A2 ^17) 
(j)2 {a2 A2 4>ll) + d (q;3 A3 4>24>l^)j 



ai 



= D{a,)Aj+{-lf -{-ir^'a2 | A ^7. 

V(-l)-^^-^'^a3y 

Thus if /i and /2 are odd D satisfies a Leibnitz rule with respect to A. In any 
case it is true that if 7 is closed and (ai) is D-closed then (ai) A 7 is D-closed and 
represents a class in H* (M, 0) depending only on the class of 7 in H* (Ci) and {a^) 
in n* (M, 4>) . □ 

1.1.2. Homotopy invariance. Recall the usual proof of homotopy invariance of the 
Chern character on a closed manifold. A one-parameter family of connections on a 
fixed bundle over a space X, can be interpreted as a single connection on the same 
bundle pulled-back to AT x [0, 1] . Since the Chern character of this connection is 
closed, the cohomology class of the Chern character of the family of connections is 
constant in the parameter. What is important here is that the space of forms on 
X X [0, 1]^ is really two copies of the space of forms on X, 

fi* {X X [0,1]^) ^n*x ®dr An*-^x 

and that the differential becomes ^ with respect to this splitting. 

The spaces Ci below will generally be direct sums of spaces of differential forms 
with perhaps some compatibility conditions. In order to carry out the classical 
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argument for the homotopy invariance of the Chern character, assume that a one- 
parameter family of elements (a (r)) of C* define an element of C* with 

(1.11) Cl=Cl®Cl_, {^Cl + drACl_,) 

and that the action of d and 0,^ is extended to so that with respect to this 
splitting 

f ,1 and 

Or —a 

Then D acts on C* = C* ® C*-i by 



D = 



, -dj 

Lemma 1.2. // the spaces CI have the properties of differential forms as described 
above and (5 (r)) is a D closed element of C<, then a (0) and a (1) are cohomologous 
in C^:. 

Proof Write 

= i^al + drAa'^) 

with respect to the splitting (jl.lip . Then the fact that (a) is D-closed implies that 

IqU — i\a = I dr (at) dr — (rfa^, ^la^ — da^, —4>20Ln + dot^ dr 



(d 




01 


-d 




cf)2 d 


dr 


-d 




-dr 01 


V 


dr 











D 



hence iga and ?*a represent the same class in the cohomology of (C*, D) . 



□ 



1.1.3. Push-forward. Notice that, if M is oriented and dimF < dimM, there is a 
well-defined integral 



(1.12) 



H{M, ij) — > C. 



M 



Indeed, two representatives of the same class in H (M, ip) differ an element in the 
image of D, i.e. of the form {u, tp*u — rfw), but dw = by Stoke's theorem and 
Jj^j i/j*u — for dimensional reasons, so the value of the integral is not affected. 

More generally, if we have a pair (C^ ©C2 ), (C^ ©C|) of Z-graded complexes with 
chain maps 0, 4> as in (|1.2p . and maps between them 

satisfying dtl)i — ipid and fitting into the commutative diagram 



(1.13) 



■ '-2 
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we get a map 
(1.14) 



This situation occurs for instance for pull-back diagrams: Assume X — > Z 'n 
fibration of oriented manifolds and _E ^ Z is a vector bundle, then we have 



/*§£'■ 
/ 

E>E- 



X 



z 



n*-'^ (EE) ■ 



— n*x 
-n*-''z 

where £ = dim{X/Z) and /* denotes the push-forward of differential forms by 
'integration along the fibers'. Then (|1.13p commutes (essentially because the fibers 
of / and / coincide) and we get a map H* {f*S>E, tt) H* {SE, tt) induced by / 
via (|1.14p . which we can call push- forward by /. 

Alternately, consider a smooth fibration N T with dimiV > dimF and the 
vertical cosphere bundle S* (N/T) ^ N. We can use (jl.l4p to get a map 



(1.15) 



n* (§* (A^/r),7r) Ji^ H* (y) 



(1.16) 



by taking ^ = 2 dim (N/T) - 1, C^* = 0, = n*Y and mapping between fl*E.* (N/T) 
and ^l*Y by the push-forward of forms along the map h o tt. In this case (jl.lSp 
commutes because forms pulled back from N push-foward to zero along hon. This 
push-forward map will be used in the formula for the families index theorem below. 
(Note that ()1.12p is a particular case with F = {pt}). 

1.2. Manifold with boundary. A standard case of (|1.10p arises when AT is a 
compact manifold with boundary and ip is the inclusion map for the boundary. 
Thus Ci = C°°(A; A*) and ip = lq : dX ^ X, C2 ^ C°°{dX; A*). Then 

Lemma 1.3. Fort : dX — > X the inclusion of the boundary of a compact manifold 
with boundary and 

=C°°iX;A'')G)C°^{dX;A''"^), 
W'=(C„ 0) = n'^idX, l) ^ H'^iX; dX) = H'^iX \ OX) 
is relative cohomology in the usual sense. 

Proof. This is completely standard but a brief proof is included for the sake of 
completeness and for later generalization. 

If {u,v) G Cfc satisfies D{u,v) = then there is T{u,v) £ Ck-i such that 
DT(u,v) — {u,v) — {lo,0) with 

(1.17) u;eC(A°;A'=). 

Taking a product neighbourhood of the boundary, U = [0, 1)3^ x dX, and denoting 
Y = dX a smooth form decomposes on U as 
(1.18) 

u = ut{x) +dxA Unix), ut e C°°([0, 1) X Y; A'^Y), u„ G C°°([0, 1) x Y; A'^'^Y) 
with differential 

(1.19) ' ■ - ■ ' ^ 



du = dyUt + dx /\ [ —uAx) — dyUnix) 
ox 



RELATIVE CHERN CHARACTER, BOUNDARIES AND INDEX FORMULA 



11 



So if (u,w) satisfies D{u,v) = 0, 
d 

(1.20) dyut = 0, —ut(x) — dyUnix) = in X < 1, dv = uAQ). 

ox 

Choosing a cutoff function p G C°°([0, 1]) with p{x) = 1 in a; < i, p{x) = in 
X > J, consider 

(1.21) T{u,v) = (^p{x) Un{s) ds + p{x)v,0 

This satisfies DT{u, v) ^ {u + uj, v) where cu G C°°{X; A'') has support away from 
the boundary as required in (|1.17p . Thus the complex retracts to the subcomplex of 
dcRham forms with compact support in the interior and the cohomology is therefore 
the cohomology of X relative to its boundary. □ 

Corollary 1.4. A particular case of ^l.lOi arises with X — U, the radial compact- 
ification of a real vector bundle U over a compact manifold Y and dX = SJ7 = 
([/\Oy)/M+ the sphere bundle, so 

(1.22) H*idX,L) ^ H;{U). 

1.3. Sphere bundle of a real vector bundle. Although Corollarv ll.4l is a 'com- 
pact' representation of the compactly-supported cohomology of a real vector bundle 
over a manifold it is not the most natural one for index theory. In view of the 
contractibility of the fibres, instead of the inclusion of the sphere bundle as the 
boundary of the radial compactification of W we may consider instead simply the 
projection 

(1.23) n-.SW — >X. 
Denote by Ti.'' {SW, tt) the cohomology of the complex 



(1.24) C°°{X;A*)(SC°°{SW;A*-'), D 



d 

-TT* -d 



(We get the same cohomology with tt* instead of —tt*, but the latter leads to better 
signs in the expressions for the Chern characters below.) 

Lemma 1.5. For any real vector bundle over a compact manifold without boundary, 

V!" {SW, tt) = [W) . 

Proof. Recall that the cohomology with compact supports of W may be represented 
by the deRham cohomology of smooth forms with compact support on W. Let 
: X W he the inclusion of the zero section and choose a metric on W so as to 
have a product decomposition 

(1.25) \ io (a:) = SVK X M+ 

and denote the projection onto the left factor by R. 

Given a closed fc-form uonW with compact support consider the map 

(1.26) $ (u) = {ilu, {-lf-^R,u) G C^{X- A^) ® C°°(SVK; A^^-^). 
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We can think of introducing polar coordinates as puUing-back to the space ST^ xM+, 
say via a map (3, in terms of which we have 

(3*u ^ Ut + Un A dr, with ig^uj = 

so = (^ut(0),(-l)'^-i^ Undr 

where we denote the interior product with dr by ig^ . Notice that 

$ (dv) = {dxilv, {-ifR, [{d^wvn + {-ifdrvt) A dr\) 
= {dxiov, -t:*i*oV - dsw[i-l)''-^R*v]) = (") , 

so $ defines a map on cohomology which is easily seen to be an isomorphism (for 
instance by using the commutative diagram 



H''-^ {EW) ^ n'' {SW, vr) 



H 



fe-i 



(SW) 



id 



and the Five Lemma). 



□ 



1.4. Bundle with line subbundle. A variant of the setting of Lemma [T31 arises 
in the index formula for perturbations of the identity in the zero algebra. There a 
real vector bundle, W — > Y, has a trivial line subbundle L C W. Setting U = W/L 



(1.27) 



n*{§U,TT) = H*{U) = H*+\W) 



since W ^ U (S L with L by assumption trivial. For our purposes there is another 
more useful complex giving the same cohomology. 

Consider the radial compactification of L, L, obtained by attaching to each fiber 
of L the points at ztoo, L"*", L~ , and the forms 



A*) = {a e C°°(L; A*) : il+a = il-a, il+da 



-da}. 



We use the deRham complexes = C^(L;A'=) and = C°°(§C/;A'=) with the 
chain map 

-TT i/, . Ci > C2 , 

C°°{Y; A*^^) is push-forward under ttsw restricted to L) 



(where z/f- : C^(L; A 



to form the complex C*^ = ©Cj ^ (note f — 2) with differential 







The cohomology of this complex will be denoted H* {E>U, L) . Notice that for a G 
C^{L;h*) we have dvl^a = i^^da (cf. Lemma [L8l below) . 

Lemma 1.6. There are natural isomorphisms in cohomology 

(1.28) H''{C,-TT*iy^) = H^{W) = ^''"^(SC/, tt). 
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Proof. We have the following commutative diagram relating the long exact se- 
quences for n* (SC/,I) and H* {SU, tt) described in pri)) . 

^ H''-^ {§U) ^ n'' {SU, I) ^ H'' (1) H^-'^ (SU) ^ 



id 

^ H'''^ {§U) ^ n''-^ {SU, tt) H''-^ (Y) i/'^-i (§[/) ' 

Since the cohomologies of L and Y are isomorphic via the Five Lemma shows 
that 

n'' (§[/, L) ^ n''-^ (SC/, tt) ^ H^-^ (U) ^ (W) 
as required. □ 

For future reference we point out that from the proof of this lemma and that of 
Lemma ll .51 the map 

(1.29) ^j; : {W; A'=) (I; A'^) © C°° {SU; A'^-^) 

defined by — (^ij^, (— , where iL is the inclusion of L into W 

and i'^ is the push-forward from SW to SU, induces an isomorphism in cohomology 
between H^{W) and H''-^ {m,L). 

1.5. Bundle over manifold with boundary. A more general case, which arises 
in the index formula for the scattering algebra, corresponds to a vector bundle W 
over a compact manifold with boundary X. Let W be the radial compactification of 
W. Its boundary consists of two hypersurfaces, §W, the part 'at infinity' and Wgx, 
the part over the boundary. Set 

(1.30) Ci =C°°(X;A*) and 

C2- {(a,/3);a eC°°(SW;A*), (3 e C°° {Wax; A*) and = 4/3} , 

the pairs of forms on the two hypersurfaces with common restriction to the corner 
SWdx- This gives a complex as in (fO]) with C'' = © Ca"^ and differential 

(1.31) D^(^^ -.)'-here0.(_-;; 

Lemma 1.7. The cohomology of the complex ()1.30p with differential ()1.3ip reduces 
to the cohomology with compact support in Wx\dx- 

Proof. The cohomology of Wox is canonically isomorphic to the cohomology of dX 
under the pull-back map. Thus a closed form on Wgx is the sum of a form on dX 
pulled-back to Wgx and an exact form on Wgx- We point out that the same is 
true for a form /3 on Wgx if dp is a form pulled-back from dX (this follows from 
the Hodge decomposition of forms and the previous statement or from the proof of 
[H Cor. 4.1.2.2]). 

Thus from D (a, (a, /3)) = it follows that (3 = n*f3' + d[3" and hence 

(1.32) da = 0, — 7r*a ~ da, —i*a — dP' . 



id 
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Choose a product neighborhood of the boundary U = [0, 1]^. x dX and a correspond- 
ing decomposition of = [0, 1]^. x V with V = §T4^|g^. In this neighborhood 

(1.33) a^at{x)+an{x) ^dx, a* € C°°(aX; A'=), a„ e C°°(aX; A^^-^), 

(1.34) a^at{x)+an{x) ^dx, a* e C°°(F; A'^"^), a„ S C°°(F; A''"^), 
and (|1.32l) becomes 

ddxat = 0, {-l)''dxat + dgxa-n = 0, dyat = -7r*Ot, 

{-l)''d.j:at + dyan = ~7r*a„, -at (0) = dp'. 

Choose a smooth function p E C°° {X) that is identicaUy equal to one if x < 1/2 
and identically equal to zero if x > 3/4 and define T e C''-^ by 

T^p{x) (^(-1)'=+^ ^ an is) ds ~ /?', (^(-1)^-1 ^ a„ (s) ds + 4/3", -/?' 

Then, for some uj £ C'', 

DT = p{x) (a, (a,/3)) + p' (x) a; 

so that (a, (a, /?)) — ZJT = (a, (3, 0)) with a and a forms supported in X° . Thus the 
complex retracts to the subcomplex of forms supported in X° , and from Lemma ll.51 
this complex computes the cohomology with compact support of W over X° . □ 

1.6. Bundle with line subbundle over the boundary. The representations 
of relative cohomology that will be used for the index of zero operators and for 
operators in Boutet de Monvel's transmission calculus are closely related. Consider 
a compact manifold with boundary, X, a real vector bundle W over X which over 
the boundary has a trivial line subbundle L, and denote the quotient bundle over 
the boundary by J7 = Wqx/L- The compactly supported cohomology of W will be 
represented as in §1.3( that of its restriction to the boundary either as in §1.41 for 
the zero calculus or §1.31 for the transmission calculus. An appropriate version of 
the inclusion map then gives the compactly supported cohomology of the interior 
much as in ill. 21 

Notice that SWax \ {L+.L'} fibers over E>U and can be identified with E>U x 
M (since L is trivial), thus there is a push-forward map vf^ : C°° [EW, A'') 
C°° (S[/, A'^^^) which however does not commute with d. 

Lemma 1.8. If a e C°° {SW,A'') then 

(1.35) lyf^dswa = dsuiyf^a + {-!)'' {TT*iL+ a - TT*iL-a). 
Thus ifi]^+a — i^-a then v^da — dv'^a. 

Proof. Introduce polar coordinates around in SWqx (i-e., blow them up) to get 
a map 

(1.36) WxT^SWox- 

The pre-image of will still be denoted L^. The push- forward is given hy a 
i'^P*a and there are no integrability issues since SWox is compact. 
In local coordinates, for a a form of degree k, 

P*a = a (s) -I- a" (s) A ds, with a', a" € C°° (§C/, A*) 

=^ dp*a = dsua' (s) + {dsua" (s) + (-l)'=(9,a' (s)) A ds. 
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Hence i/i(}*a = /jja" (s) ds and 

(dswa) = dmv':P*a + {^if [dsa (s) ds 

JR 

giving P^S]) . □ 
Introducing the complexes and chain maps 

Z| = { [a, 7) e C°°m; A'^) © C°°(I; A'^); ^la = z^j} 

01 = , 0. = (-.r 

we define the total chain space Z* by 

(1.37) Z'' ^ Z^ ® Z^- ^®Z^-^, Dz = 

where i± are the inclusion (or attaching) maps for the two boundary manifolds (each 
canonically diffeomorphic to dX) L± of L, either to SW or L, and ttsw ■ — > X, 
TTsu '■ — > dX, and ttjj : L — > dX denote the various bundle projections. 

As in Lemma ll.81 neither the push- forward for a nor 7 commute with cZ, however 
the consistency condition i^a = i5-7 yields d(/)2 = 4>2d; together with d(j)i = <j)id 
this ensures that D\ = 0. 

With the same notation set 

(SVF; A*) = {a e C~ (SW^; A*) : il+a = il-a, il+da = il^da} 

= C°°(X; A'=), = C^{^W] A'=) ® ^^{dX- A'^'^^), = C°°{§,U; A'') 





and define the total chain space T* by 

(1.38) r*^ = Ti'^ © r2'=-i ® Ta'^-^^ = 

Note that — because i*j^+Q: = i*j^-Ct guarantees that dv^ = v^^d. 

The point of these rather involved constructions of the cohomology with compact 
supports is that the Chern character derived from the symbolic data (symbol and 
normal operator) of a fully elliptic zero operator has a natural representative in the 
chain space Z^, while the Chern character constructed from the symbols (interior 
and boundary) of a fully elliptic operator in the transmission calculus has a natural 
representative in the chain space 7^. 

Lemma 1.9. The cohomology of the complexes (|1.37|) and (|1.38[) are isomorphic 
to the compactly supported cohomology of W restricted to the interior of X, 

(1.39) H''{%;DT)=H''{Z,;Dz)^H'AW\^^g^). 
Proof. The map 

(I; A'^) ® C°° (SC/; A'^-^) 9 (7, p) ^ (0, 0, 7 - 7r^»I+7, G C,. (Z,) 
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fits into the short exact sequence of complexes 

{SU, L) ^Z,^ {§W, it) 0. 
This in turn induces the long exact sequence in cohoniology in the top row of 

...^n'' (SW, tt) H'' (§[/, L) ^ H'^+i {Z.;Dz) ^ H'^+i (§1^, tt) ^ 



\dX' 



H^+^ [W) 



where the connecting map J is induced by 

C°°{X; A'') © C°°{SW; A''-^) ^ C°°(I; A*^) C°^{§U; A'^-^) 

(a, a) I (TT^^aO' f'f'^a") 

$ and are the isomorphisms defined in (|1.26p and (|1.29p respectively, and $ is 
the restriction of $ to the subcomplex of forms that vanish at M^lgjif 

The left and right squares above clearly commute, so we only check the commu- 
tativity of the middle square. Let it be a fc-form on W^l^j^- with compact support, 
the map d is induced by taking any extension of u into say e (u) , and taking its 
exterior derivative. It is convenient to find 7 (u) such that (4>e (u) , 7 (u) , 0) is in 
Z^,. To this end choose a trivialization of L, denote by t the fibre variable along L, 
and note that 



7(«)(t) = (-1)^ 



is as required and satisfies dj{u) = i^u — 7r|-ioM (since u is closed), and i^^'y{u) ~ 
(since id^j{u) = 0). 
Thus 

$ {S {u)) = ($de (u) , 0, 0) = {Dsw-^e {u) , 0, 0) 

= D ($6 (u) , 7 (") , 0) + (0, 0, i^u, (-1)'=- V^i?^^) 

= Di<i>e (?/),7(u),0) + (0,0,$-^), 

which shows that the induced maps in cohomology commute. It then follows 
from the Five Lemma that the map $ is an isomorphism, i.e., Ti^ {Zf,\Dz) — 



dx) 



[W,W\ 

To see that the complex Ck {%;Dt) represents H^: (W, consider first the 

complex 

C°° {X; A*) © (C°° {SW; A*) © C°° {dX; A*)) © C°° {E,W\q^;A*) 

( d \ 



with differential 



V 



TT* dj 



which in view of HI. 21 and i jl.3l represents H'^ (^'^lax) ^'^'^ then note that the 
complex Ck {71; Dt) is obtained from this complex by applying the push- forward 
along L which was shown in Lemma ll.6l to be an isomorphism. □ 
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2. PSEUDODIFFERENTIAL OPERATORS AND RELATIVE K-THEOR,Y 

In the standard case of Atiyah and Singer, the index of a vertical family of 
Predholm operators, A, acting on a superbundle E = © E~ on the fibers of a 

fibration of closed manifolds M — > B is naturally thought of as an element of the 
topological K-theory group of B, e.g., 

[keiA] - [cokerA] e K{B) 

when kerA (and hence cokerA) is a bundle over B. On the other hand A itself, via 
its symbol 

(T (A) e {S*M/B; homE) 
and the clutching construction, defines an element of (T*M/B) and the index 
factors through this map 

^* (M/B; E) — ^ K (B) . 




{T*M/B) 



One way to see this factorization is to start with a family A as above, say made 
up of pseudodifferentical operators of order zero, and eliminate properties that the 
index docs not sec. That is, let JC (M/B) be the set of equivalence classes of vertical 
pseudodifferential operators of order zero acting on superbundles E over M where 
two operators are considered equivalent if they can be connected by a finite sequence 
of relations: 

i) Ag^° {M/B; E) ~ B e *° {M/B; E) if there is a (graded) bundle isomor- 
phism $ : E — > F over M such that B = ^~^A^, 
u) A G ^° {M/B;E) ~ 1 e *° {M/B;E) if A and A are homotopic within 

elliptic operators, 

iii) Ae'^^ {M/B;E) ~ A®Id e 4-° (M/.B; E © C"l") where C"l" is the trivial 
superbundle whose Z/2 grading components are both C". 
The resulting equivalence classes form a group, /C {M/B) which can be thought of as 
'smooth K-theory' and in this case is well-known to coincide with the topological 
K-theory group {T*M/B) . Indeed, the equivalence class of an operator only 
depends on its principal symbol 

Ae*°(M/B;E) =^ cr (A) e C~ (S'*M/B; homE) 

in terms of which {i)-{iii) give a standard 'relative' definition of {T*M/B) . 

Alternately, we can think of pseudodifferential operators of order as bounded 
operators acting on {M/B) (defined, e.g., using a Ricmannian metric). These 
form a *-algebra and the closure is a C*-algebra, 2t, containing the compact op- 
erators, ^. The Predholm operators are the invertibles in 2t/.ft, and the smooth 
K-theory group described above is closely related to the odd C* K-theory group 
of this quotient, K^, (2l/.ft) . Indeed, the principal symbol extends to a continuous 
map on 2t, 

A e 21 =^ a{A)GC° {S*M/B; C) , 

which descends to the quotient 21/.^ (i.e., vanishes on K) and allows us to identify the 
odd K-theory group with the stable homotopy classes of invertible maps S*M/B — > 
C. 
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The most obvious difference between tfie smootli K-tlicory group and the C* 
K-theory group - that the former is built up from smooth functions while the 
latter from continuous functions ~ disappears in the quotient. A more significant 
difference comes from the way bundle coefficients are handled. Stabilization allows 
us to replace the elliptic elements in ^I^" [M/B) with limGLjv {M/B)) , the 

direct limit of the groups of invertible square matrices of arbitrary size and entries 
in (M /B) . Note that an operator A e {M / B; E) acting on a superbundle E 
defines an element of the stabilization of [M/B) by choosing a vector bundle F 
such that = E®F (for some j) since then 1 = A © Idp e GL^ (^-^ {M/B)) ; 
a different choice of F defines the same element in K^, {M/B) . However if $ is 
as in (i) above, it is possible that <i>^^^$ and A will define distinct elements of 
K}j, {M/B) , and so the difference between the smooth K-theory groups and the 
C* K-theory groups is essentially that in the former we quotient out by {i) above. 
This is further pursued in [T, §2.3]. 

In the present paper we allow the fibers of the fibration M ^ B to have bound- 
ary and consider three different calculi of operators on a manifold with boundary, 
namely the scattering calculus, the zero calculus, and the transmission calculus. 
In each case we work with the smooth K-theory group as in the previous para- 
graph (denoted by K-sc {M/B), /Co {M/B), and /Ctm {M/B) respectively) and, for 
the purposes of index theory, these groups contain all of the relevant information. 
These groups have been shown to be isomorphic to the topological K-theory group, 
Kc{T*M°/B), in [TT] [21] (scattering calculus), [J (0-calculus), and ^ (transmis- 
sion calculus). We briefly review what this entails. 

Scattering calculus. A scattering operator A G ^'^^ {M/B;E) is determined up to 
a compact operator by its image under two homomorphisms: the principal sym- 
bol a {A) e C°°{§* M/ B;7T* homE) which is an homomorphism between the lifts of 
E+ and E- to §*M/B, and the boundary symbol b e C°° {T* M/ Bgj^f,TT* hom(E)) 
which is an homomorphism between the lifts of E"^ and E~ to the radial compact- 
ification of T* M / B over the boundary. These symbols are equal on the common 
boundary of §i*M/B and T*M / B q^j, and so can be thought of as jointly repre- 
senting a section of hom(E) lifted to the whole boundary of the compact manifold 
with corners T*M/B. An operator is Fredholm on precisely when both of these 
symbols are invertible, we call such an operator 'fully elliptic'. 

A fully elliptic operator A can be deformed by homotopy within such operators 
operators until b, and a in a neighborhood of the boundary, are equal to a fixed 
bundle isomorphism. This isomorphism can then be used to change the bundles 
so that b is the identity and a is the identity near the boundary. This leads to an 
(arbitrary) invertible map into hom(E) that is the identity in an neighborhood of 
the boundary and this is precisely the information that defines a relative K-theory 
class, hence 

(2.1) }Csc {M/B) = K, {T*M°/B) . 

The fully elliptic scattering operators of order zero with interior symbol equal 
to the identity can be reduced by homotopy to perturbations of the identity by 
scattering operators of order — oo. The smooth K-theory of these perturbations 
of the identity is denoted Ksc -oo {dM/B) and is readily seen to be equal to the 
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topological K-theory of the boundary, 

(2.2) /C_oo,.c {M/B) = {T*dM/B) . 

Zero calculus. The analogues of (|2.ip and (|2.2p also hold for the zero calculus, as 
shown in [1]. However where the scattering calculus is 'asymptotically commu- 
tative' as evinced in the boundary symbol b £ C°°{T*AI/Bqj^j;tt* hom(E)), the 
zero calculus is asymptotically commutative only in the directions tangent to the 
boundary and is non-commutative in the direction normal to the boundary. Thus, 
instead of a boundary symbol, the boundary behavior of a zero operator is captured 
by a family of operators on a one-dimensional space, I, essentially the compactified 
normal bundle to the boundary. This family, the reduced normal operator 

A/" (A) e {S*dM/B; (X;E)) , 

takes values in the b,c calculus (b at one end of the interval, c at the other), 
and together with the interior symbol, determines the smooth K-theory class of 
an operator ^ G (M/_B;E). A description of the reduced normal operator is 
included in Appendix \X\ As an element of the b, c calculus. A/" (A) has three model 
operators: its principal symbol, an indicial family at the 6-end, and an indicial 
family at the cusp end. One can think of the smooth K-theory as equivalence 
classes of zero pseudodifferential operators or alternately as equivalence classes of 
invertible pairs 

{a,JV) e C°° (S'*Af/B;homE) ®C°° {S*dM/B;-i'l^ {I;E)) 

s.t. h{Af{y,7^)) = h{Af{y,v')), 

(T(A/-(y,7?))(a;) = (7(0,2/, c^,0). 

The isomorphism 

/C-oo,o (M/B) = Kc {T*dM/B) , 

between the group of stable equivalence classes of invertible reduced normal families 
of perturbations of the identity and a standard presentation of Kc{T*dM/ B) comes 
from the contractibility of the underlying semigroup of invertible operators on the 
interval [1]. Namely, this allows the reduced normal family to be connected (after 
stabilization) to the identity through a curve of maps A{t) from S*dM/B into the 
invertible b-operators of the form Id +A, A of order — oo and non-trivial only at the 
one end of the interval. The &-indicial family of A{t) determines an invertible map 
from T*dM/B into homE equal to the identity at infinity and hence an element of 
Kc {T*dM/B). 

The contractibility of the group of invertible group of smooth perturbations of 
the identity within the cusp calculus [20] is used to show the isomorphism 

/Co {M/B) ^ {T*M°/B) 

between the group of stable equivalence classes of invertible pairs (|2.3p and the 
standard representation of {T* M° / B). Indeed, one can identify i?+ and 
near the boundary, and, after a homotopy and a smooth perturbation, quantize 
by a zero operator whose full &-indicial family is the identity, and then use the 
contractibility to take the reduced normal operator to the identity. The principal 
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symbol of the resulting operator is equal to the identity near the boundary and 
classically defines an element of Kc {T* M° / B) . 

Transmission calculus. A smooth K-theory class in the Boutet de Monvel calculus 
is an equivalence class of operators of the form 

/j+A + B K\ C°°{X:E+) C°°{X:E-) 
(2.4) A = [ : © ^ © 

\ T qJ C°°{dX-F+) C°°{dX;F-) 

acting on the superbundles E over X and F over dX. The principal symbol of A 
is required to satisfy the transmission condition at the boundary, and in particular 
this forces the order of A to be an integer. We can assume without loss of generality 
that the order of A and its 'type' are both zero (see [S], [7j)- 

The boundary behavior of A is modeled by a family of Wiener-Hopf operators 
parametrized by the cosphere bundle over the boundary. For A as above we denote 
its boundary symbol by 
(2.5) 

/h+p + b k\ {X-H+ ®E+) {X-H+ ®E-) 

N{A)[v,Ti)^[ : ® ^ © 

V t q) C^{dX;F+) C^{dX;F-) 

where is the projection from the space of functions C°° (M; C) that have a regular 
pole at infinity to the subspace of those that vanish at infinity and can be 
continued analytically to the lower half-plane. 

Boutet de Monvel showed that any operator A whose principal symbol and 
boundary symbol are both invertible is homotopic through such operators to one 
of the form 

f"f+A 
V Q 

where A is equal to the identity near the boundary. Thus /Ctm {M/B) clearly 
surjects onto {T* M° / B) which is all we will need. However we point out that, 
using the description of the C*-algebra K-theory from, e.g., [T^], [I3j, and the 
comparison with smooth K-theory in [1, §2.3], it is possible to show that /Ctm {M /B) 
is actually equal to {T*M°/B). 

3. ChERN CHARACTER AND THE FAMILIES INDEX THEOREM 

The Chern character is a homomorphism from Ch : K{X) — > _ff''™"(X) which 
gives an isomorphism after tensoring with Q. Chern- Weil theory gives a direct 
representation of the Chern character in deRham cohomology for a superbundle 
E. If V is a graded connection on E, i.e. a pair of connections on E^ with 
curvatures (V^)^ = — 27ricj± then 

(3.1) Ch (E) = 6^^+ - e"- . 

Different choices of connection are homotopic and give cohomologous closed forms. 

In the case of a compact manifold with boundary X, the K-theory with compact 
support in the interior, denoted here Kc{X\dX), is represented by superbundles E 
where E^ = near the boundary. Then the same formula, (|3.ip . gives the relative 
Chern character Ch : Kc{X\ dX) — > i7°™"(X \ dX) provided the connections are 
chosen to reduce to the trivial connection, d, near the boundary. 
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There are natural isomorphism K^X \ dX) — > K{X,dX) and \ 
dX) — > H°^'^'^{X, dX) with the corresponding relative objects. Chains for Kc{X \ 
dX) are given by pairs (E, a) of a superbundle over X and an isomorphism a : 
i?+ — > E~ over dX. In 6] Fedosov gives an explicit formula for the Chern charac- 
ter, in cohomology with compact supports of the cotangent bundle, of the symbol 
of an elliptic operator acting between vector bundles. This can be modified to give 
the relative Chern character in this setting with values in the chain space discussed 
in Lemma 11.31 



Ch(E,a) = (Ch(E),Ch(a)) 



(3.2) 



Ch(a) 
where w{t) 



1 

'2Td 



tr (a-i(Va)e"'(*') dt, 



(1 - t)uj+ + ta^^u^a + —til - t)ia~^yaf 



Here the boundary term, Ch(a), is a 'regularized' (or improper) form of the odd 
Chern character. 

In the context of the index formula this also corresponds rather naturally to the 
relative cohomology as discussed above. Essentially by reinterpretation we find 

Proposition 3.1 (Fedosov [6 ). Ifn : U — > X is a real vector bundle, E — > X is 
a superbundle and a G C°°(§J7; tt* (hom(E)) is elliptic (i.e. invertible) then for any 
graded connection on E, with curvatures Q± = — 27riw± and induced connection V 
on hom(E), the class 

(3.3) Ch(C/, E, a) = (Ch(E), Ch(a)) e C°°(X; A™™) C°°(SC/; A"'^'^), 
given by the formzf/ge (|3.ip and (13. 2p . represents the relative Chern character 
(3.4) 



Proof. That the pair (Ch(E), Ch(a)) is I?-closed and gives a well-defined class in 
the cohomology theory follows in essence as in standard Chern- Weil theory. We 
include such an argument for completeness and for subsequent generalization. 
Set = a~^Va and note that the connection V = V -I- [tO, ■] has curvature 

itve + t^e^) 



n (t) = -27r«w 
It follows that Ve'^^*) = and hence 

Ve'^^*) = Ve'^^*) - t 

Thus 

1 



(iCh(a) 



(3.5) 



2m 
1 

'2TTi 

1 

'2TTi 

1 

2^ 



o{t) 



dt 



= t 



-2TriLu{t) 



4t) 



trV (eie"'^*)) 
tr ((V6') e'^^*) - 6lVe"(*)) 



dt 



tr ((V6') e"(*) - te 



tr((V6' + 2t6'2) e"(*) 



dt 



dt 
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and since the trace vanishes on graded commutators, 

(3.6) dGh{a) = J^ tr(^^^^^e'^(*)^dt = 7r*tr(e"-)-7r*tr(e'^+) = -7r*Ch(E). 

As is well-known (and explained in tjl.l.2p . this same formula shows indepen- 
dence of the connection and homotopy invariance. That this class actually repre- 
sents the (appropriately normalized) Chern character follows from Fedosov's deriva- 
tion in [6J. □ 

For an elliptic family of pscudodiffcrcntial operators A G 'i''^{M/B;K) where 
ip : M — > i? is a fibration with typical fibre Z and E is a superbundle over M, 
the symbol a{A) e C°°(S'*(A//i?); vr* hom(E)) is invertible (by assumption) and 
the discussion above appHes with U — T*{M/B), the fibre cotangent bundle. The 
index formula of Atiyah and Singer is then given as a composite 

(3.7) KciT*{M/B)) - - ijcvon 

Ch fs. 

^odd (5* (M/B) , tt) ^-^^ (5* (M/B) , tt) 
So, for such a family of operators. 



(3.8) Ch(ind(^)) / Ch(r*(A//B),E,CT(A)) ATd(Z) 

where Td{Z) is the Todd class of Z. That this is well-defined follows from (|1.15p . 

3.1. Scattering families index theorem. Consider next a fibration of manifolds 

with boundary AI — s- i3. As described in [2] the compactly supported K-theory of 
W = T*M° /B can be represented by scattering operators. The K-theory class of 
a scattering operator is determined by its two symbol maps, its principal symbol 
and its boundary symbol. We now explain how to represent the Chern character of 
the corresponding K-theory class in terms of this data. 

In fact given any manifold with boundary M and a bundle W — > M any class in 
the compactly supported K-theory of ^^^^^^ can be represented by a superbundle 
E — > M and two invertible maps 

a e C°°{S*W; IT* homE), b e C°°(W^aM; tt* honiE). 

We recall, from §1.51 that one may compute the cohomology H*{W\^j^qj^j) via the 
complex 

C°°(M; A*^) © {(a, (3);a £ C°^(§VF; A'^'-^), /? e (Wom; A""'^) and i*ga = 4/3} , 

Then, choosing a graded connection on E, the forms, again using (|3.ip and (|3.2p . 

(3.9) Ch{W, E, a, b) = (ch (E) , Ch(a), Ch(6)) 

G C°° (AT; A°™") ® {SW; A"'^^) © C°° {WgM] A°'^'^) , 
represent the Chern character of the K-theory class associated to {W, E, o, b) . 
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Proposition 3.2. For W, K, a, and b as above, Ch{W,K,a,b) is D-closed and its 
relative cohomology class coincides with the Chern character of the K-theory class 
defined by {W, E, a, b). 

Proof. From the definition of the differential in ijl.5[ £)-closed means that 
dx Ch (E) = 0, d&w Ch (a) = -tt* Ch (E) and d^^^ Ch (6) = -7r*i* Ch (E) . 

Thus that the putative Chern character is Z?-closed and homotopy invariant follow 
just as in Lemma 13.11 It is also invariant under changes of E by stabilization 
and bundle isomorphism since this is true of the forms (ch(E),Ch(a),Ch(6)) 
themselves, and hence it only depends on the K-theory class. 

As explained in |17| and reviewed in there is a representative of the K-theory 
class with 6 = Id and a = Id near the boundary, and, since in this case (|3.9p 
coincides with Fedosov's formula p.3p . we conclude that p.Op is the usual Chern 
character map. □ 

The index formula follows similarly. Given a vertical family of fully elliptic scat- 
tering pseudodifferential operators acting on a superbundle E — » Af, it is possible 
to make a homotopy within fully elliptic scaterring operators until the symbols are 
bundle isomorphisms at and near the boundary. Thus a formula which is homotopy 
invariant and which coincides with the usual Atiyah-Singer index formula when the 
operators are trivial at the boundary must give the index. 

Proposition 3.3. The index in cohomology for a family of fully elliptic scattering 
pseudodifferential operators on the fibres of a fibration is given by the Atiyah-Singer 
formula essentially as in (|3.7p . (|3.8p ; 



where Td(Z) S C°° (M ; A™'^"') is a deRham form representing the Todd class of the 
fibres ofip:M — *Y. 

Proof. Homotopy invariance follows from Proposition 13.21 and when the family of 
operators are trivial near the boundary this clearly coincides with the Atiyah-Singer 



3.2. Zero families index theorem. The non-commutativity of the boundary 
symbol, in the normal direction, makes the derivation of a formula more challenging, 
so we first consider the simple case where only the boundary symbol appears. 

Perturbations of the identity. Consider a fibration as in ([1]) where the typical fiber, 
AT, is a manifold with boundary, denoted Y. The restriction of the fibrewise cotan- 
gent bundle to the boundary Tgj^jM/B has a trivial line sub-bundle, the conormal 
bundle, with the quotient being T*dM/B. Thus as explained in ijF3] the com- 
pactly supported cohomology oiU — T*dM/B can be realized as the cohomology 
Ti^ {SU, tt) of the complex 



(3.10) 




families index formula. 



□ 



(3.11) 
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On the other hand, as explained in f}2l the zero pseudodifFerential operators on 
X can be used to reahze the K-theory of Y. Indeed 

(3.12) K, {T*dM/B) = /Co,-oo {M/B) , 

and, since the class of an operator Id +A (acting as an odd operator on sections 
of the superbundle E) in the quotient on the right is determined by its reduced 
normal operator, any class in {T*dM/ B) can be represented by a map N € 
(§C/,M'-°°([0,1];E)). 
A natural candidate for the Chern character, in view of the previous sections, 
would be to choose a graded connection on E and then consider Ch(iV). However, 
elements of \l/^°°([0, 1];E) are generally not trace-class and this corresponding ex- 
pression is not well defined unless the trace is renormalized. In this setting, the 
'6-trace' 

Tf : *^;°°([0,1];E) — >C 

is an extension of the trace that however is not itself a trace. Indeed, instead of 
vanishing on commutators it satisfies a 'trace-defect formula', namely 

(3.13) 'RaA.Bn^±lT,{p)^. 

where a and b are the indicial operators of A and B respectively (see [TSl Chapter 
4]). Renormalized traces are briefly discussed in Appendix [Bl following [T5| . 

Given a graded connection V on E and a choice of boundary defining function 
X (on which the definition of the 6-trace depends) consider the algebra of matrices 
with entries which are 6-pseudodifFerential operators on an interval. The 6-trace 
will be used to define odd 'eta forms' on the semigroup of L^-invertible order —oo 
perturbations of the identity. These are regularized versions of the odd Chern 
character given by (|3.2[) . Taking into account the fact that Tr is not a trace set 



(3.14) 

r^°^'^[N)^-— j (1 -<)T? (iV-i (VA^)e'""(*)) +<T? ((V7V)e'""(*)7V-i^ dt 

where wnU) = (1 - t)u+ + tN^^u-N + -^i(l - t)(N~'^VNf. 

2iTi 

The even Chern character of the indicial family of N is also needed here, since 
these are in essence loops into smoothing operators. The even Chern character 
therefore arises from Ch by transgression 

(3.15) Ch°™" (a) = ia, ChyxR (a) d^- 

Lemma 3.4. If N is a family of a Fredholm zero operators of the form Id +A where 
A e *o °° {M/B; E) and a^h (N) then 

(3.16) drj^'^'^ (N) = -IT* Ch (E) + i/J^Ch (/fc(iV)) = -n* Ch (E) + Ch™'^" (a) 
where Ch (E) is given by (j3.2p . 

Proof Set 

fyn 

e = N-^VN, 9a = fl-^Va and 0e = a'^ — , 

dt, 
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and recall, as in Proposition l3.1l that 
Then 

r /•! 

dr] {N) = d 



TV (tiV(9te"'"(*)7V-i + (1 - t)ate'"'"(*)) 



2^ 



+ Tr(t(l-i) iV 6'e'""W,6l ,7V-i ) di 

at TV (^tiVe'""(*)Ar-i + (1 - t)e™"(*)) dt 



N 



aWN(t) Q 



+ y Tr(^ iVe^^^'^TV^i ) dt + ^ J Tr (^i (1 - <) 
The integral of the t-derivative reduces to 

TY(A^e"'"(i)iV-i) -T? (e'""(°)) = -tt* Ch (E) 
and the other terms can be evaluated using the trace-defect formula giving 



dt. 



i/trf^,e-(*)) d^dt + ^ ^tH-t) I tr(-9, 



27r 



Comparing this with 



d£_ dt. 



ia Ch (a) 



1 



ia. / tr 





-/" 



















27r 





— / tr ( 0^e"'"(*) - — ^ae'^'-^*) (t^^ (^a) - tV (9^) - t' [0„ 0^]) ) dt 



□ 



yields (jXTC)) . 

A fundamental property of the reduced normal operator is that its &-indicial 
symbol only depends on the base dM/B and not on the cotangent variables, so 
(-ij^cven^-j^^^-j-j regarded as a form on dM. Thus the result of the lemma 

shows that the forms 

Ch (E) - Ch^™" (a) e C°° {dM- A'^™") , r]{N) C°° (§f/; A°'^'^) 
define a class in 7^°^^^ (§[/, tt) . 

Proposition 3.5. The (odd) relative Chern character for K^i^Tgj^jM / B) of the 
(zero) cotangent bundle of a compact manifold with boundary may be realized in 
terms of the reduced normal operators by 

(3.17) Ch°'^'^(P) = (Ch (E) - Ch™™[/(RN(P))], 77b(RN(F))) , 

as a class inH°'^'^{S*dM/B,TT) forPe ld+-9o^{M/B]E) Fredholm onLl{M/B). 



26 



PIERRE ALBIN AND RICHARD MELROSE 



Remark. The proof of this proposition is more comphcated than that of Propo- 
sition 13.21 since the isomorphism ()3.12|) does not aUow us to represent a K-theory 
class by an operator that is trivial at infinity (see 

Proof. Since Ch°'^'^{P) defines a class in W^'^{S*dM/B, tt) it remains only to show 
that this is the relative Chern character. To this end, we will show that the diagram 

(3.18) /CO {M/B) ^ ifo {T*dM/B) 



Ch 



Ch 



^odd (^s*dM/B, it) -^-^ 77°™" {T*dM/B) 

commutes. It is convenient to represent the compactly supported iiT-theory of 
T*dM/B using a classifying group 

if" {T*dM/B) = Inn [X; C°° ((S\ l) ; (GL (A^) , Id))] = [X; G'"^] , 

where G~°° is the group of invertible 'suspended' operators on a closed manifold 
that differ from the identity by a smoothing operator (see [20]). 

The isomorphism at the top of ()3.18|) between the group of stable equivalence 
classes of invertible reduced normal families of perturbations of the identity and 
a standard presentation of Kli^Tgj^jM / B) comes from the contractibility of the 
underlying semigroup of invertible operators on the interval. Namely, this allows 
the reduced normal family to be connected (after stabilization) to the identity 
through a curve of maps A{t) from S*dM/B into the invertible b-operators of the 
form Id+A, A of order — oo and non-trivial only at the one end of the interval. In 
fact we can easily arrange for the family A{t) to be constant near the two endpoint 
of the parameter interval. 

The indicial family of this curve initially only depends on the base variables 
dM/B and the indicial parameter, so can be interpreted as fixing a homotopy class 
of smooth maps 

a : "T*dM/B — > G'^ 

and hence an element oi K'^{^T*dM / B). 

The cohomology class of the resulting Chern character defines, via the map 
(jl.26p . an element of 7^°'^'^ {S*dM/B, tt). In this case, this map consists of passing 
from Ch (a) back to Ch {A{t)), decomposing this as 

Ch {A{t)) = Ch (At) + Ch' (At) A dt 

with both Ch (At) and Ch' (At) independent of dt, and then keeping 

e n°'^'^iS*dX,TT). 



(3.19) 



(^Ch(Ao),-^ Ch' {At) d?j 



The normalization of the Chern character Ch°™"(a) is fixed by the requirement 
that it be the usual multiplicative map 

Ch : K°{dM/B) — > H°^'"'{dM/B). 

Hence the first term in p.l9p coincides with Ch°™" (a) defined in (|3.15p , while the 
second term w satisfies duj = -tt* Ch°™" (a). It follows that (1X1^]) and (PT7)) define 
the same class in H"'^'^ {S*dX, tt) . □ 
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General Fredholm zero operators. Again consider a fibration ([T]), where the fibers 
X are manifolds with boundary. The compactly supported X-theory of T*M/B 
relative to the boundary can be represented by stable homotopy classes of Fredholm 
operators in the zero calculus. Thus each class is represented by a superbundle E 
and a pair of maps, 

(ct, AA) e C°° {S*M/B; honiE) ® {S*dM/B; (I; E)) 

as in (|2.3|) . The vector bundle W — T*M/B has a trivial line sub-bundle at the 
boundary L (the normal bundle to the boundary) so H* {W°) can be realized using 
forms on X, SW, L, and SC/ (with U — W\qj^/L). This will allow us to write a 
formula for the Chern character involving only E, u, A/" and a choice of graded 
connection on E. To simplify the discussion the map a restricted to the inward 
pointing end of L will be used to identify E'^ and E~ over the boundary. Then the 
connections can be chosen to be compatible with this identification and the result 
is that we can arrange 

the Chern character of E restricted to the boundary is identically 
zero. 

The main novelty in the construction of the explicit Chern character for general 
Fredholm families in the zero calculus involves the eta term coming from the re- 
duced normal operator. This is now a doubly-regularized form, in the sense that 
the divergence at the boundary needs to be removed as before but there is also di- 
vergence coming from the fact that these operators are now not of trace class even 
locally in the interior of the interval. Indeed, an operator in the &, c calculus on the 
interval will be of trace class if and only if it has order less than —1 and its kernel 
vanishes at the boundary. This regularization is discussed in Appendix [B] (extend- 
ing |18p using complex powers of an admissible operator Q in the 6, c calculus and 
a (total) boundary defining function x. 

As discussed in Appendix[^ the choice of a metric at the boundary trivializes the 
interval bundle over the boundary on which the reduced normal operator acts. In 
particular the reduced normal operator of an element of order in the zero calculus 
then becomes a well-defined smooth map TV : S*dM/B — > '^hsc (-^S^Ism) • "^^^ 
total symbol of Q is a function on the cotangent bundle of the interval T*I — 2^ x '^u 
and it depends only on the cotangent variable lj, not on r. 

Generalizing (|3.14p , for any element of the zero calculus with invertible reduced 
normal family (on L^), set 

(3.20) r^l%{N) 

= ^J (l-t)"^ Trb,sc (aA"' (VA/") e'^^^*)) + Trt.sc ((VA^) e"-^(*W-i) dt 

where the inverse takes values in the large calculus. 

The differential of (|3.20p will involve the even Chern characters of the indicial 
families at the b and cusp ends. These are defined by 

Ch°™" (a) = / ChyxR (a) d^ 

JR 

with a — lb (A/") or a — Ic (A/") . Initially one might expect an integrability issue 
because both of these are homogeneous of degree zero. However at least one of the 
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factors in the integrand will involve ^ , and since in either case a has an expansion 

a ^ ao + aiS,^^ + 02^^^ + . . . 

as ^ — > 00, the integrand must vanish to second order at infinity and hence is 
integrable. 

Lemma 3.6. For an element A £ \1/q(X;E) with reduced normal operator M : 



X 



(3.21) 



^odd 



dXJ 



taking values in the L -invertible operators, 



dVh sc i^) = Ch (E) + Ch™™ (/,, (AA)) - Ch™™ (/, (AA)) 



Proof. The computation in the proof of Lemma 13.41 shows that 



«c(-^) = -^* Ch(E) 



•Tr 



dt 



+ ^ I ^Tr(t(l-t) 



N 



dt, 



and we need only apply the trace-defect formula for ^ Tr explained in Appendix [Bl 
(3.22) 



'Tr{[A,B]) = -Tr' 



BDq (A) + Dq (A) B 



Tr' 



r BD, {A)+D, iA)B 



Notice that the principal symbol of J\f and the full symbol of Q'^ are independent 
of the interval variable r € X and only depend on the cotangent variable, so the 
formula for the full symbol of the commutator [A, Q {z)] shows that this operator 
is of order — z — 2 and hence the first term in (I3.22p vanishes. The second term can 
be written in terms of the indicial families at the b and c ends much like (j3.13p . 
Thus, at the 6-end we get 



2^ 



tr 



(^e-'-f*)) d^+^til^t) 



tr 



2^ 5 



d^ 



dt. 



which, as in the proof of Lemma [33 equals /jj ig^ Ch (/;, (A/")) and similarly at the 
cusp end. This proves the first line in ()3.21|) . The second line follows since, on the 
one hand, we required that ig-^ Ch (E) vanish, and, on the other, the cusp indicial 
family is given by 

4(AA(2/,r;))(0 = V(A) (0,2/,C,7y). 

□ 

With this lemma we have all of the ingredients for representing the Chcrn char- 
acter of a relative K-theory class in terms of a zero pseudodifferential operator using 
the description of the relative cohomology from ijl.6l Recall that the chain complex 
is 

Zk = C°° (X; A'') e {C°° {SW; A''^^) © C°° (L; A^^^^)) © C°° {§U; A''-^) 



I 



d 



-d 
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(with a compatibility condition at L±). 

Theorem 3.7. 

a) The element ofCeven, 

(3.23) Gh{W,E,(7,M) = (chE, (cha, Ch/fc (AA)) , -r; (AA)) , 

is D-closed and represents the Chern character of the K-theory class defined by 
{W,E,a,J\f). 

b) Suppose that A G ^'q {^i/B;ll,) is a fully elliptic family of 0-pseudodifJerential 
operators acting on the fibers of a fibration M — > B, then the Chern character of 
the index bundle of A is given by 

(3.24) Ch (Ind^) 

= / Gh{T*M/B,E,a{A),U{A)) /\Td{M/B) 

J S'M/B,S'dM/B 

= [ Ch((T(A)) ATd(Af/B) - / 7]{U{A))ATd{dM/B). 

J"S*M/B Js'dM/B 

Proof. Showing that (j3.23|) is I?-closed is equivalent to showing 
dChE = 0, dCha = -7r*ChE, 
dCh" h {^^) = 0, dr, (Af) = -uf^ GHcj{A)) + tiI^v^ Gh{h{N)) 

the last one of which is Lemma [SH (since v^Ch{h{M)) = Ch°™"(/6(7V))) while 
the other three follow as in the previous section. 

Also as in the previous sections, the forms themselves are invariant under stabi- 
lization and bundle isomorphism while Lemma fTT2l shows that the cohomology class 
they define is homotopy invariant. It follows that we can change the 0-operator 
whose normal operators define a and M as long as we stay in the same X-theory 
class. As explained in fj2] there is a representative of this class with TV equal to the 
identity and a equal to the identity near the boundary. For this representative the 
map above clearly coincides with the Chern character and hence this is true for any 
representative. 

In the same way p.24p follows from homotopy invariance and reduction to the 
case that the operator is trivial near the boundary. □ 

3.3. Transmission families index theorem. In the same situation as above any 
class in Kc{T* M° / B) can also be represented by a fully elliptic operator or order 
and type zero in Boutet de Monvel's transmission calculus. With W — T*M/B, L 
equal to the normal bundle to the boundary, and U = W\q-^JL a K-theory class 
is represented by a superbundle over M, E, a superbundle over dM , F, and two 
maps: a family of isomorphisms a G C°° (§M^;hom(E)) and a family of Wiener- 
Hopf operators TV e C°° (SC/; (L; {H+ ® E) ® F)). We use this data, and a 

choice of graded connections on E and F, to represent the Chern character using 
the description of the relative cohomology from HI. 61 in terms of forms on AT, E>W , 
dX, and SU. As in the previous section we will assume that 

the graded connection on E is chosen so that the restriction of 
Ch (E) to the boundary is identically zero. 
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This description of the Chern character and the resuhing index formula are treated 
by Fedosov in [6l §111.4]; as in Proposition l3. II above, we reinterpret this formula in 
an appropriate formulation of relative cohomology. 

The family of Wiener-Hopf operators plays much the same role as the family of 
6, c operators in the previous section. Were these trace-class it would be natural to 
use their Chern character in our constructions. However, they are not trace-class 
so we are forced to use a renormalized trace and we refer to the resulting form as an 
'eta' form. In this case the renormalized trace was defined by Fedosov as follows. 

With = f ^ ^ j as in (|2.5p . N is trace-class if and only if h^p = so we 

define tr' by ignoring this term [6] §4] 



(3.25) tr' {N) 



1 f+ 

trg+— tr6(e,0 dC, 



where in the first term we use tr : horn (F) M applied to q, and in the second 
tr : horn (E) — > M applied to the integral kernel of 6 at the point (^, i^). 

This renormalized trace is not an actual trace, but instead satisfies a trace-defect 
formula f6| Lemma 2.1] 

(3.26) tr' [N,,N,] = £ tr (^^P2 (o) d^- 

It is clear from this formula that if either A'^i or iV2 is 'singular' (i.e., pi = or 
P2 = 0) then tr' [7Vi,7V2] = 0. 

Denote the chosen graded connections on E and F by V and respectively. 
Using both of these we define a connection on each of the bundles (i?+ (g) E±) (BF± 
acting trivially on , we denote the resulting graded connection again by V. 
Notice that dtr' (N) = tr' (VA^). 

The trace-defect formula (|3.26[) is formally identical to that of the 6-tracc (I3.13P 
on smoothing operators. So if we define rj {N) as an element of {SU: A°'*'^) by 

(3.27) 

r^(^N) = -—J (1 -i)tr' (a^-i (VA^)e'""(*)) +ttr' ((ViV)e"'"(*)iV-i) dt 
where WN{t) = (1 - t)uj+ + tN-^uj^N + J-Ul - t){N-^VNf 



then the computations in the proof of Lemma [3 . 41 applv verbatim to compute drj (N) 
and we conclude that 

(3.28) drj {N) = -n*Q Ch (E^ ® F) -I- Ch (a) , 
where, with —2TTiuj'^ equal to the curvature of V on (iJ+ E) ® F, 

Ch (Eg, ® F) = tr e'^+ - tr'^'- e C°° {dX; A''™") 

and as usual 

(3.29) Ch (a) = -— / tr (a-i(Va)e"'»(*)) dt e C°° {SW; A°'^^) , 

^T^l Jo 

with Wa(t) = (1 - t)uj+ + ta^^uj-a + -J—til - t)(a~'^Vaf. 

2iTi 
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It follows that with the chain space from 
d 

i5r= Ui -d l,0i-( l^'^]A2 = {i^f^,^h) 



the forms 

(3.30) Ch (E, E, a, TV) = (ch (E) , (ch (a) , - Ch (Eg © F)) , -77 {N)j 
define a relative cohomology class. 

Theorem 3.8. 

a) Ch(E,E, a,iV) is a D-closed element o/T'^'"^" and represents the Chern char- 
acter of the K-theory class defined by (tV, E, F, a, iV). 

b) Suppose that A € ^tm {M/ B;K;¥) is a fully elliptic family of transmission 
pseudodifferential operators acting on the fibers of a fibration M B, then the 
Chern character of the index bundle of A is given by 

(3.31) Ch(Ind(^)) 

Ch {T*M/B, E, F, (t{A),N (A)) A Td {X, dX) 

S'M/B,S*dM/B 

Ch (d {A)) A Td (M/B) ~ [ T]{N{A))ATd (dM/B) . 

S'M/B JS'dil/B 

Proof. As in the previous section, we have shown that p.30p defines a D-closed 
form, Lemma 11.21 shows that it depends only on the K-theory class and evaluating 
it on a representative that is trivial at the boundary shows that p.30p is the usual 
Chern character and reduces (|3.3ip to the Atiyah-Singer families index theorem. □ 

Appendix A. Normal operator 

We review the reduced normal operator in the zero calculus. 

Zero differential operators are elements of the enveloping algebra of the vector 
fields that vanish at the boundary, Vo- Thus if x is a boundary defining function 
and Ui are local coordinates along the boundary of AT, we have 

Vo = Spanc=c(x)(a;aj;,a::9yj, . . .,xdyj), 
andPeDiffS(M;S,F) ^ P= ^ a,- „(x, y)(x9,)^(2;9j,)", 

|a| </c 

where the coefficients, section of the homomorphism bundle hom(_B, F). 

It is convenient to study these operators by viewing their Schwartz kernels as 

defined on a compactification of (Af°)^ different from M . We construct Mq from 
— 2 

M by replacing the diagonal at the boundary, diag^^^, with its inward pointing 
spherical normal bundle, 

A/2 = (IT' \ diagg^) \J{S+dmgsM) 

and endowing the result with the smallest smooth structure including smooth func- 
tions on M and polar coordinates around diaggj^j - a process known as 'blowing-up 
diaggjv^ in M '. The diagonal lifts from the interior of Af^ to a submanifold, diagg. 
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of Mq (a p-submanifold in the sense of [2]). The set of 'Dirac sections' along the 
diagonal on NP coincides with the space of Schwartz kernels of arbitrary differen- 
tial operators on Af , the Schwartz kernels of zero differential operators are precisely 
those that lift to Dirac sections of along diagp. 

The passage from zero differential operators to zero pseudodifferential operators 
is a micro-localization in that we enlarge the space of Schwartz kernels from Dirac 
sections along diagp to distributions on Mq with conormal singularities along diagg, 
i.e., /'*(Mq , diagp) in the notation of [H]. We further demand that at each bound- 
ary face of Mq the Schwartz kernel have a classical asymptotic expansion in the 
corresponding boundary defining function and its logarithm. We refer to [9], [10] 
for the details. 

We can use the expansions at each of the boundary faces to define 'normal 
operators' by restricting to the leading term at that face. The zero diagonal meets 
the boundary at the front face (the face introduced by the blow-up of diag^j^^) and 
the normal operator at this face is known as the normal operator. Directly from 
the definition it is clear that the restriction of the kernel of a zero pseudodifferential 
operator of order s to the front face is a distribution in 

r+3(^+diaggjv„diago n^+diag^M) = I'+'^idM x W^-^ x K+,9M x {(0,1)})- 

It can be shown that the kernels of normal operators define, for each q G 9M, a 
distribution on TqM'^ = R™~^ x R"*" that is invariant with respect to the affine 
group action 

(R™-i X R+)2 ^ X R+ 

((a, h), (c, d)) I ^ (a -I- be, bd) 

and that the normal operator is a homomorphism in that the kernel of the normal 
operator of the composition of two operators is the convolution of the normal op- 
erators. Thus analyzing the normal operator is tantamount to harmonic analysis 
of the affine group on R™~^ x R+. 

The invariance with respect to the affine group action suggests studying the nor- 
mal operator by first taking the Fourier transform in R™~^ and then exploiting 
dilation invariance with respect to the R+ variable. The result is a family of opera- 
tors acting on the normal bundle to the boundary and parametrized by the cosphere 
bundle to the boundary. The choice of a trivialization of the normal bundle allows 
us to identify this with an element of 

C°°(S*aM, 1'b(R+)). 

Finally let x be the identity map R+ R+, we compactify R"*" by introducing 
i as a boundary defining function for the 'point at oo\ After performing these 
transformations on the normal operator, and identifying the compactification of 
[0, oo) with [0,1], the normal operator is an operator of &-type at the end and 
an operator of sc- type at the 1 end, with a singularity of order — s. This family is 
known as the reduced normal operator, e.g. , 

A e *J](X) =^ M{A) e C°°(§*aM, <,,,([0, 1])). 

The distributional kernels of elements of the b, sc can be conveniently described 
on the b, sc double space, [0, 1]^ g^. obtained from [0, 1]^ in two steps. In the first, 
we blow-up the corners {(0, 0), (1, 1)} obtaining two new boundary faces, one bfo 
replacing {(0,0)} and one bfi replacing {(1,1)}. In the second step, we blow-up 
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the intersection of bfi with the closure of the diagonal of (0, 1)^; we refer to the 
resulting boundary face as c/. The closure of the diagonal of (0,1)^ in [0,1]^ 
is referred to as diagj^g^. Pseudo-differential operators of b,sc type on [0,1] are 
those whose Schwartz kernels are distributions on [0, 1]^ conormal with respect 
to diagj^ and otherwise smooth that vanish to infinite order at every boundary 
face that does not meet diagj, g^. 

These operators are sometimes known as the small calculus of b, sc operators and 
there is also an associated large calculus of b, sc pseudodifferential operators where 
the Schwartz kernels need not vanish at the boundary faces that share a corner 
with bfo (known as the 'side faces'). It is standard (see [TS], [TUI) that parametrices 
and generalized inverses of b,sc pseudodifferential operators, when these exist, are 
elements of the large calculus of b, sc operators. 

A complete metric on the interior of [0, 1]^; is of b, sc type if it takes the form 

7 2 

near x = and the form (^i^^ji near x — 1. The corresponding space of square- 
integrable functions is denoted sdi^^ !])■ Elements of the small calculus of b, sc 
operators of order zero define bounded operators on ^^{[0, 1]) as do elements of 
the large calculus, so long as they vanish to order greater than —1 at each of the 
side faces. Thus it makes sense to compose these operators and the references cited 
above show that the composition is given again by an element of, respectively, the 
small or large b, sc calculus. 



Appendix B. Residue traces 

We review the residue traces on algebras of pseudodifferential operators. These 
are used to define Chern and eta forms. We start by presenting the case of closed 
manifolds, before moving on to manifolds with boundary and finally operator valued 
forms. We refer the reader to |T8j for the proofs of these statements for the algebra 
of cusp operators. The proofs consist of formal algebraic manipulations and hence 
hold verbatim for many other calculi - we shall need these results for the b, sc 
algebra in section [5T^ 

On a closed manifold, X, the Guillemin-Wodzicki residue trace, Tr"^, is the unique 
trace on ^t* (X), and has two well-known expressions 

(B.l) T?{A)^I (T(_„) (A) = RcsTr(g-^A) . 

The first expression (due to Wodzicki) involves the term in the expansion of the 
full symbol of A e (X) that is homogeneous of order —n, cr(_n'f . Although 
(j(_„) (A) is not invariantly defined, its integral is (notice that scale invariance as a 
density forces the homogeneity) . The second expression (due to Guillemin) involves 
the choice of an admissible first order operator Q, which we shall understand to 
mean that Q is invertible, essentially self-adjoint, and positive. The function r 
Tr (Q~'^ A) is holomorphic on a half-plane and can be meromorphically extended 
to the whole complex plane. The pole at t = is at worst a simple pole and the 
residue is independent of the choice of Q. 

The first expression above shows that the Guillemin-Wodzicki residue vanishes 
on operators of order less than —n, the space of trace-class operators. For each 
choice of admissible operator Q, we can extend the trace from trace-class operators 
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to a renormalized trace on all of 5"* by 

(B.2) ^Tr (A) = FP Tr (Q^'^A) = lim f Tr (Q-^A) - -fr" (A) 

T=0 ^ ' r^O y T 

This renormalized trace does depend on the choice of Q, indeed 
« Trg, (A) - ^ Trg, (A) = -Tp (A log (Qi/gz)) 

where we define 

d 



(B.3) log(Qi/Q2)= 



We also point out that ^ Tr is not really a trace, since it does not vanish on com- 
mutators: 

''TT{[A,B]) = -T?iDQ iA)B), 
with Dq the derivation on (X) defined by 



Q^AQ- 



In this subsection we review the extension by Melrose-Nistor jT^ (see also [5], 
[22]) of the Guillemin-Wodzicki residue trace to operator algebras on manifolds 
with boundary. 

We define, for each choice of bdf x and admissible first order positive Q G 
^b.sc i-^^i 'trace' functional on the algebra ^'J^sc (-^^! By a simple extension 
of the results of Piazza [23 , complex powers of Q can be defined as elements of the 
large calculus of b,sc operators (described in Assume for the moment that 

A and B are elements of the small calculus of b, sc operators. It is shown in [181 
Lemma 4] that the function 

Z {A; z,t) = ^ [Tr (x'Q-^A) + Tr {Q-'x'A)] 

is holomorphic for Rez,ReT >> and extends mcromorphically to with at 
most simple poles in z or r. We use the expansion at zero to define the following 
functionals 

(B.4) Z {A; z, t) - — Tr^^"" (A) + -T? (A) + -T? (A) + ^ Tr (A) + O (z, t) . 

ZT Z T 

Among these functionals, only Tr^''^ is a trace (vanishes on all commutators) and 
is independent of the choice of x and Q. We note that the residue trace functionals 
could be defined using Tr {x^Q~'^A) or Tr {Q~'^x^A) . This follows from the fact 
that 

Tr (x'Q-^A) - Tr (Q-^x'A) 

is regular at z = 0, r = 0. The renormalized trace, though, would a priori be 
different. 

On the ideal a;°°*j; (X), the functionals Tr^''' and Tr^ both vanish, the func- 
tional Tr"^ is a trace and is given by the expressions (jB.l|l . Similarly, on the ideal 
*b (X), the functionals Tr^''^ and Tr"' both vanish, the functional Tr'^ is a trace 
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and has an expression similar to (jB.l|) . Indeed, recall that, by Lidskii's theorem, if 
A is a trace-class operator with Schwartz kernel JCa, then 



Tr (A) ^ f ICa 
Jx 



diag 



(note that ^l^jj^^g is a density). For a general operator A £ 'i'^'^ (X), having chosen 
a bdf X, we can expand A^j^jj^^ in its 'Taylor's series' at a; = 



(B.5) /CA'-^a;^/C. 



i>0 



and one of these terms will be invariant under the rescaling x i— > Ax, say x^JCr 
(since ICa is a singular density at x = 0, this is not A^o)- It is easy to see that the 
residue at 2 = of 

Tr(x^A)= / x^ICaI,^^ 
is given by the partial integral of /C^, 

JdX 

Just as for the Guillcmin-Wodzicki residue, the density A^rlgj,^. depends on the choice 
of X, but its integral along the boundary does not. 

For operators not in these ideals, Tr'^ is obtained by taking a 'residue in the sym- 
bol' and 'renormalization at the boundary' meaning, for instance, that we renor- 
malizw the integral occuring in the first expression in (jB.ip . Where by renormalized 
integral of a density we mean 

Similarly, Tr*^ is obtained by taking a 'residue at the boundary' and 'renormaliza- 



tion in the symbol'. So, for instance, expand the operator's kernel as in (jB.SP as 
a distribution to pick out ICr (residue at the boundary), this defines an pseudo- 
differential operator over the boundary and then its renormalized trace over the 

boundary defined as in (|R2) equals Tr^. The common residue, i.e., the 'residue at 
the boundary' and 'residue in the symbol', is given by the functional Tr^''^. 

The functional Tr'^ is independent of Q just as in the case of a closed manifold, 
but does depend on the choice of x via [18l Lemma 9] 

{A) - ^f^^ {A) = Tr^- (log {x'/x) A) . 

Similarly, Tr^ is independent of the choice of x, but depends on the choice of Q via 
[TBI Lemma 11] 

(A) - t4 [A) = - Tr^^'^ (log (Q1/Q2) A) 

with log((5i/Q2) defined by (|B.3p . It follows that the functional Tr^''^ is indepen- 
dent of both the choice of x and the choice of Q. 
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To analyze the behavior of these functionals on commutators, notice that 

x'^Q-^ [A,B] = a;^g-^ {A - AQ-^) B 

- x'Q-^B {A - x'Ax-') + [x'Ax-',x'Q-''B] 
= ~x'Q-^ {tDq (A) + O (r^)) B 

+ x'Q-^B {zD^ (A) + O (z2)) + [x'Ax-^x'-Q-'B] 



where 



d 

D. (^) = 7r 

az 



(x^'Ax ^) =: [logx, A] 



2=0 



{Q'AQ-') =; \\ogQ,A\. 

T = Q 

and since Tr [x'^Q"'^ A) has only simple poles in z and r the terms with O (t^) and 
O (z^) do not affect the finite part at zero, i.e. Tv{x^Q^'^ [A,B]) has the same 
finite part at zero as Tr (x^Q"'^ {-tDq (A) B + zBD^ (A))). 

A similar computation shows that Tr (Q^'^x^ [^i-S]) has the same finite part 
at zero as Tr {Q~'^x^ {zDx (A) B — tBDq [A))). This shows that the expansion of 
2Z {[A, B] ; z, t) at z = 0, T = is 

(B.6) - - Tr^''" {BDq {A)) + - Tr^'"" {BD^, {A)) 

Z T 

- {BDq {A) + Dq {A) B) + Tr^ {BD^ {A) + D., {A) B) 
- -Tr^ [BDq {A) + Dq [A) B) + -T? {BD^ {A) + D^ [A) B) + O (r, z) . 

Z T 

Notice that if [A, B] is in {M;E) then those terms in (|B.6|) with i must 

vanish, while if it is in (Af ; E) then those terms with ^ must vanish. This 

observation can be used, together with Calderon's formula for the index, to obtain 
a residue trace formula for the index of a Fredholm operator, see ^5], 
For any A > 1 notice that 

^ ^_ Z{A; z, Az) + Z {A; z, Iz) - (A + 1) Z (A; z, z) 

coincides with the usual trace if A is trace-class, and from (|B.6p satisfies 

(B.7) Z{[A,B];z)^--Tt^''^{BDq{A)) 

z 

^/ BDQiA) + DQ{A)B \ ^ ;-,/ BD,iA)+D,{A)B \ ^ ^ ^ 



near z — 0. Thus the renormalized trace of a commutator is given by the second 

line in (|B.7p at z = 0, 

(B.8) 

^ Tr {[A, B]) = (BDQ{A) + DQiA)B_\ ^7^, ( BD^ {A) + D, {A) B 



\ 2 

Finally we point out that the same formula holds for elements of the large cal- 
culus of b, sc operators. Indeed, we can choose a sequence of smooth, non-negative 
functions (jik G C°°([0, 1]^ that are identically equal to one in a neighborhood of 
the lifted diagonal diag;, s^., vanish to infinite order at any boundary face that does 



RELATIVE CHERN CHARACTER, BOUNDARIES AND INDEX FORMULA 



37 



not meet diagj^g^, converge uniformly to the constant function 1, and, in a collar 
neighborhood of the boundary face bfo are independent of the boundary defining 
function. Denote the right-hand-side of (|B.8|1 by T{A, B) and define the operators 
Afe and Bk by multiplying the distributional kernels of A and B respectively by (pk ■ 
Then Ak and Bk are in the small calculus and we point out that 

«Tr([AB]) -hm^Tr([Afc,Bfe]) =lim.F(Afc,Bfe) =.F(AB), 

k k 

since, for instance, the symbol of A^ coincides with that of A and the expansion of 
Ak at &/o is the same as that of A with the coefficients multiplied by (pk- 

Appendix C. Operator valued forms 

We will make use of forms on the vector space pulled back to S*F with 

values in the invertible elements of order zero in the 6, sc calculus. It will be 

useful to have the analogue of the trace defect formula (|B.8|1 . 

Consider two pure forms with values in say 

, fc,T,0 



r/ e (S*r, A^-^l^^) , T] = Ar} with fj e n''S*Y 

- o.scj 1 



w G (S*Y, A^^-g , J , Lj^ BQ with Q e n'^§*Y 



Notice that 

[ry,cj]^ =?7Aw- (-l)'''''''^'wAr/ 
= [A, B]rj Auj. 

The trace functionals and derivations discussed in Appendix [B] have natural 
extensions to forms, e.g., 

^ Tr : C°° (S*y, A'^^'g .J ^ n''§*Y, 

by acting on coefficients (thus ^ Tr (77) — ^ Tr (A) rj) . The trace defect formulas 
generalize to this context; in particular 



(C.2) «Tr([r;,c.]J^-Tr° 



'dq (77) a CO + 7? a z?q 



2 / 

-q(d^ (77) Acc> + (-l)l''l-l"l77Al), {u) 



Tr 
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